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Abstract: We consider the introduction of a complex scalar field carrying a global lepton
number charge to the Standard Model and the Higgs inflation framework. The conditions are
investigated under which this model can simultaneously ensure Higgs vacuum stability up to
the Planck scale, successful inflation, non-thermal Leptogenesis via the pendulum mechanism,
and light neutrino masses. These can be simultaneously achieved when the scalar lepton is
minimally coupled to gravity, that is, when standard Higgs inflation and reheating proceed
without the interference of the additional scalar degrees of freedom. If the scalar lepton also
has a non-minimal coupling to gravity, a multi-field inflation scenario is induced, with inter-
esting interplay between the successful inflation constraints and those from vacuum stability
and Leptogenesis. The parameter region that can simultaneously achieve the above goals is
explored.
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1 Introduction
In previous publications we proposed a model of Leptogenesis in which lepton-number gen-
eration in the early universe is driven by the oscillation of the inflaton field during reheating
[1–5]. The inflaton χ is coupled to a scalar-lepton field φ through a C and CP violating
derivative coupling,
gµν
ΛCP
(
φ†i
←→
∂µφ
)
∂νχ , (1.1)
while φ is subject to a self-coupling potential V (φ, φ†) which contains a lepton number vio-
lating term [6] ,
V (φ, φ†) = −θ φ†φ (φ− φ†)2 + · · · (1.2)
Here, θ > 0 is a dimensionless coupling constant. The inflaton field χ oscillates around its
potential minimum during reheating, transferring its energy to the other degrees of freedom,
such that directed motion in the phase of φ is generated leading to net lepton number.
The physics involved is analogous to that of a forced pendulum. The lepton-number
violating forces from the potential Eq. (1.2) provides a restoring force on the phase of φ,
pushing it toward one of the periodic potential minima, while the inflaton χ provides the
oscillating external force which violates C and CP. Energy is transferred from χ to φ, a clear
move away from thermal equilibrium. When the magnitudes of the two forces and the timing
of the ‘push’ from the external force is just right, the system can enter into a phase-locked
state where the ‘pendulum’ rotates in one direction [7, 8].
In this paper, we investigate whether the Higgs boson h can play the role of the inflaton
χ in our Pendulum Leptogenesis scenario, and thereby circumvent the need to introduce the
inflaton as another new scalar field. We consider a model whose particle content consists of
the Standard Model (SM) with right-handed neutrinos, and the scalar lepton φ. This is the
minimal particle content in which the Pendulum Leptogenesis mechanism can be embedded.
The idea of utilizing the SM Higgs boson h as the inflaton was proposed by Bezrukov
and Shaposhnikov in Ref. [9], and has subsequently been studied by many authors [10–19].
The usual quartic Higgs potential,
− µ2h(Φ†Φ) + λh(Φ†Φ)2
Φ=(0,h/
√
2)
T
−−−−−−−−−−−→ −1
2
µ2hh
2 +
1
4
λhh
4 , (1.3)
does not have the flatness that is required at large field values to realize the slow rolling of the
inflaton during inflation [20]. This problem is remedied by the introduction of a non-minimal
coupling of the Higgs doublet Φ to gravity of the form [9],
ξΦ†ΦR
Φ=(0,h/
√
2)
T
−−−−−−−−−−−→ ξ
2
h2R , (1.4)
where R is the scalar curvature, with ξ  1. This interaction has the effect of flattening the
effective inflaton potential at h/Mp  1/
√
ξ. However, for the Higgs inflation mechanism to
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work, the Higgs quartic coupling λh, to which the effective inflaton potential is proportional
to, must stay positive up to the Planck scale Mp.
Current experimental values of the Higgs and top masses, mh and mt, suggest that this is
not the case when considering the SM particle content alone. Though subject to experimental
uncertainties in the top mass mt, the current central SM value is λ
SM
h (Mp) ≈ −0.01, which
implies that the Higgs vacuum is only metastable within the SM [21–26]. Indeed, before
the discovery of the Higgs, predictions were made on the lower bound of its mass from the
requirement of vacuum stability, which turned out to be too high [13, 27, 28]. New particle
contributions to the renormalization group equation (RGE) of λh are necessary to render
λh(Mp) positive. This requires new physics to couple to the Higgs, with a possible solution
suggested by the Higgs portal models1 [29]. For instance, Refs. [17, 30, 31] study a model
in which the Higgs is coupled to a new SM singlet scalar which has the desired effect. The
scalar lepton in our model could also function in this capacity.
Thus, our model can lead to successful Higgs inflation, Leptogenesis during reheating,
and stability of the Higgs vacuum. The question is what parameter range can all three be
accomplished simultaneously. This paper is structured as follows: In Section 2 the framework
of the model is introduced with descriptions of the scalar sector of our model. Section 3
provides a summary of standard Higgs Inflation and the dynamics of the Pendulum Leptoge-
nesis mechanism. In Section 4 we analyze the conditions for vacuum stability in our model,
with particular reference to the utilization of the scalar threshold effect. In Section 5, the
inflationary scenario is explored in the case of a non-minimal coupling of the scalar lepton to
gravity, and consistency with the vacuum stability constraints is confirmed. The dynamics
of the reheating epoch is also discussed and the requirements for successful Pendulum Lep-
togenesis considered. Finally, in Section 6 we conclude with a discussion of the results and
implications.
2 Description of the Model
2.1 Particle Content
In addition to the SM plus the three generations of right-handed neutrinos, we introduce
a complex scalar field φ which carries lepton number 2. We identify lepton number as the
charge under the global U(1) transformation,
L → eiαL , `R → eiα`R , νR → eiανR , φ → e2iαφ , (2.1)
where L = (νL, `L)
T is the left-handed lepton doublet. The lepton-number current carried by
the scalar-lepton φ is,
jµL = 2
(
φ†i
←→
∂µφ
)
. (2.2)
1The Higgs boson is the “portal” to new physics, e.g. the dark sector.
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2.2 Interactions among Particles – Dimension 4 Operators
The SM particles interact among themselves in the usual way. We assume that φ and the
right-handed neutrinos νR couple to the SM fields in a lepton number preserving form:
Lφ,νR =
(
g φ∗νcRνR + y L Φ˜νR
)
+ h.c. (2.3)
where Φ is the Higgs doublet, and Φ˜ = iσ2Φ
∗. The φ∗νcRνR interaction will allow the scalar
lepton φ to decay into νRνR pairs, converting the lepton number carried by the scalar φ into
fermionic lepton number. Once φ and Φ develop vacuum expectation values, the interactions
will generate the right-handed Majorana and Dirac masses for the neutrinos. Upon diagonal-
ization of the resulting mass matrix, we obtain light Majorana masses for the active neutrinos
via the seesaw mechanism [32, 33].
The scalar potential involving both φ and Φ is taken to be,
V (Φ,Φ†, φ, φ†) = λh
(
v2h
2
− Φ†Φ
)2
+ λφ
(
v2ϕ
2
− φ†φ
)2
+κ
(
v2h
2
− Φ†Φ
)(
v2ϕ
2
− φ†φ
)
− θφ†φ
(
φ− φ†
)2
. (2.4)
Note that the θ term violates lepton number but preserves C and CP. The κ term couples
the Higgs doublet Φ to the scalar-lepton φ, which is a SM singlet, and is a type of Higgs portal
interaction [17, 30]. We consider the unitary gauge Φ =
(
0, h/
√
2
)T
, and rewrite φ as,
φ =
1√
2
ϕeiθ , (2.5)
where ϕ and θ are real fields that transform as,
ϕ → ϕ , θ → θ + 2α , (2.6)
under the lepton-number U(1) transformation φ→ e2iαφ. The scalar potential becomes,
V (Φ,Φ†, φ, φ†) → V (h, ϕ, θ) = λh
4
(
v2h − h2
)2
+
λφ
4
(
v2ϕ − ϕ2
)2
+
κ
4
(
v2h − h2
) (
v2ϕ − ϕ2
)
+ θ ϕ
4 sin2 θ . (2.7)
The loss of translational invariance in θ, due to the θ term, breaks lepton-number conserva-
tion. The potential minima are at,
〈h2〉 = v2h , 〈ϕ2〉 = v2ϕ , 〈θ〉 = npi , (n ∈ Z) , (2.8)
provided that,
λh > 0 , λφ > 0 , θ > 0 , 4λhλφ > κ
2 . (2.9)
The last condition on κ will prove important later. The masses of the oscillations around
these minima are,
m2h = 2λhv
2
h , m
2
ϕ = 2λφv
2
ϕ , m
2
θ = 2θv
2
ϕ . (2.10)
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The lepton-number current carried by φ in the ϕ and θ variables is,
jµL = −2ϕ2∂µθ , (2.11)
and the lepton-number density is j0L = −2ϕ2θ˙. Thus, to generate lepton number from the
dynamics of φ, we need both ϕ 6= 0 and θ˙ 6= 0 .
2.3 Non-Minimal Interactions with Gravity
Coupling the particle content to gravity, we obtain the action
SJ =
∫
d4x
√−g
[
−M
2
p
2
R− ξΦ†ΦR− ζφ†φR+ gµν ∂µΦ† ∂νΦ + gµν ∂µφ† ∂νφ
−V (Φ,Φ†, φ, φ†) + Lφ,νR + · · ·
]
+ · · ·
U gauge−−−−−−→
∫
d4x
√−g
[
−M
2
p
2
(
1 +
ξh2
M2p
+
ζϕ2
M2p
)
R+
1
2
gµν ∂µh ∂νh+
1
2
gµν ∂µϕ∂νϕ
+
ϕ2
2
gµν ∂µθ ∂νθ − V (h, ϕ, θ) + Lφ,νR + · · ·
]
+ · · · , (2.12)
where Mp = 1/
√
8piG = 2.4×1018 GeV is the reduced Planck mass, and the ellipses represent
contributions of SM particles and interactions that are not shown explicitly, and surface
terms [34, 35]. Note that for scalars, the covariant derivative ∇µ and the partial derivative ∂µ
coincide. In addition to the non-minimal coupling of the Higgs doublet Φ to gravity, ξΦ†ΦR,
we also include a non-minimal coupling of the scalar-lepton φ to gravity, ζφ†φR. We first
consider the case ζ = 0, and then generalize to the case ζ 6= 0.
2.4 C and CP violation – Dimension 6 Operator
We introduce a dimension-6 operator of the form
LCP(Φ,Φ†, φ, φ†) =
2gµν
Λ2
(φ†i
←→
∂µφ) ∂ν(Φ
†Φ) , (2.13)
which changes sign under C and CP transformations.2 This interaction leads to a derivative
coupling between φ and the effective inflaton χ ∼ h2 during reheating:
LCP(Φ,Φ†, φ, φ†) → LCP(h, ϕ, θ) = −
gµν
Λ2
ϕ2(∂µθ)
[
∂ν(h
2)
]
. (2.14)
2A possible method of inducing this interaction by including the following term in the Jordan frame action:
SCP =
∫
d4x
√−g
[
gµν∇µ(φ† i←→∇ν φ)
]
,
which is the integral of a divergence of a non-conserved current, and as such will not vanish. Thus, in the
Einstein frame,
SCP =
∫
d4x
√
−g˜
[
g˜µν
Ω2
∇µ(φ† i←→∇ν φ)
]
,
and expanding Ω2 in powers of ξh2/M2p will provide the required term after partial integration.
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The strength of this interaction is adjusted by the choice of scale Λ.
3 Dynamics of the Model
3.1 Inflation: ζ = 0 Case
We begin the analysis of our model by first setting ζ = 0 for the sake of simplicity, so that
only the dynamics of the Higgs h is involved in inflation. Consequently, the content of this
subsection will be a review of the standard Higgs inflation scenario, so readers who are familiar
with the topic may skip to Section 3.2.
The parts of the action relevant for Higgs inflation are [9],
SJ =
∫
d4x
√−g
[
−M
2
p
2
(
1 +
ξh2
M2p
)
R+
1
2
gµν ∂µh ∂νh− U0(h) + · · ·
]
, (3.1)
where it is assumed that ξ  1, and,
U0(h) =
λh
4
(
v2h − h2
)2 h2v2h−−−−→ λh
4
h4 , (3.2)
is the usual Higgs potential. In order to manifest the inflationary dynamics, we perform a
conformal transformation from the Jordan frame to the Einstein frame [9, 36],
gµν → g˜µν = Ω2gµν , gµν → g˜µν = 1
Ω2
gµν , (3.3)
with,
Ω2 =
(
1 +
ξh2
M2p
)
. (3.4)
Note that the determinant of the metric g = det(gµν) scales as,
√−g =
√−g˜
Ω4
, (3.5)
while the scalar curvature in the Einstein frame R˜ is related to that in the Jordan frame R
via (see, e.g., Appendix D of [37], also [38])
R˜ =
1
Ω2
(
R− 6g
µν∇µ∇νΩ
Ω
)
↓
R
Ω2
= R˜− g˜µν 3(∂µΩ
2)(∂νΩ
2)
2Ω4
+ (total derivative) , (3.6)
and the action is rendered into the form,
SE =
∫
d4x
√
−g˜
[
−M
2
p
2
R˜ +
g˜µν
2
{
M2p
3(∂µΩ
2)(∂νΩ
2)
2Ω4
+
1
Ω2
∂µh ∂νh
}
− 1
Ω4
U0(h) + · · ·
]
,
(3.7)
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which decouples R˜ from h. The Einstein frame inflaton field χ is defined via,
M2p
3(∂µΩ
2)(∂νΩ
2)
2Ω4
+
1
Ω2
∂µh ∂νh =
(6ξ2h2/M2p ) + Ω
2
Ω4
∂µh ∂νh ≡ ∂µχ∂νχ , (3.8)
that is, χ is obtained from h via the integration of,
dχ
dh
=
√
(6ξ2h2/M2p ) + Ω
2
Ω2
. (3.9)
Note that for very large field values, h  Mp/
√
ξ, we have Ω2 = 1 + (ξh2/M2p )  1, and
consequently,
∂µχ∂νχ ≈ M2p
3(∂µΩ
2)(∂νΩ
2)
2Ω4
→ χ ≈
√
3
2
Mp ln Ω
2 . (3.10)
In this regime, all kinetic terms not explicitly shown in Eq. (3.7) are suppressed by 1/Ω2. For
small field values, hMp/ξ, we have (ξ2h2/M2p ) Ω2 ≈ 1, and consequently,
∂µχ∂νχ ≈ ∂µh ∂νh → χ ≈ h . (3.11)
In the intermediate range, Mp/ξ  hMp/
√
ξ, we can expand,
χ ≈
√
3
2
Mp ln Ω
2 =
√
3
2
Mp ln
(
1 +
ξh2
M2p
)
≈
√
3
2
ξh2
Mp
. (3.12)
Therefore, the relation between h and χ has three key regimes which correspond to different
cosmological epochs in the inflationary scenario, namely:
χ
Mp
≈

h
Mp
for
h
Mp
 1
ξ
(after reheating)√
3
2
ξ
(
h
Mp
)2
for
1
ξ
 h
Mp
 1√
ξ
(reheating)√
3
2
ln Ω2 =
√
3
2
ln
[
1 + ξ
(
h
Mp
)2]
for
1√
ξ
 h
Mp
(inflation)
(3.13)
where the duration of the intermediate reheating period is dictated by the size of the non-
minimal coupling ξ. See Figure 1(a). Note that h/Mp ∼ 1/ξ corresponds to χ/Mp ∼ 1/ξ,
whereas h/Mp ∼ 1/
√
ξ corresponds to χ/Mp ∼ 1. Replacing h with χ, the Einstein frame
action is,
SE =
∫
d4x
√
−g˜
[
−M
2
p
2
R˜+
1
2
g˜µν∂µχ∂νχ− U(χ) + · · ·
]
, (3.14)
where U(χ) = U0(h)/Ω
4. The factor of Ω4 in the denominator leads to the flattening out of
U0(h)/Ω
4 for large field values:
1
Ω4
U0(h)
hvh−−−→ λh
4
h4[
1 + (ξh2/M2p )
]2 = λhM4p4 ξ2
(
1− 1
Ω2
)2
hMp/
√
ξ−−−−−−−→ λhM
4
p
4 ξ2
. (3.15)
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ξ-3/2 ξ-1 ξ-1/2 1 h/Mp
ξ-1
ξ-1/2
1
χ/Mp
(a) Higgs-Inflaton relation
ξ-1 ξ-1/2 1 χ/Mp
ξ-4
ξ-2
1
(4/λhMp4)U(χ)
(b) Effective Inflaton Potential
Figure 1. (a) The relation between the effective inflaton field χ and the SM Higgs field h (red
solid line). In the region h/Mp  ξ−1, the relation implies χ ≈ h (grey dashed line). In the region
ξ−1 < h/Mp, the relation is well approximated by χ/Mp ≈
√
3/2 ln[1+ ξ(h/Mp)
2] (green dashed line),
which in the subregion ξ−1 < h/Mp < ξ−1/2 is further approximated by χ/Mp ≈
√
3/2 ξ(h/Mp)
2 (blue
dashed line). (b) The effective potential U(χ) = U0(h)/Ω
4(h) (red solid line), where U0(h) = λhh
4/4
and Ω2(h) = 1 + ξh2/M2p . In the region χ/Mp < ξ
−1 the potential behaves as U(χ) ∼ χ4 (grey
dashed line). For ξ−1 < χ/Mp, the potential matches the behaviour of the Starobinsky potential
(green dashed line), which behaves as U(χ) ∼ χ2 (blue dashed line) in the range ξ−1 < χ/Mp < 1.
See also Figures 1 and 2 of Ref. [10].
In terms of χ, the effective potential U(χ) takes on the forms,
U(χ) ≈

1
4
λhχ
4 for
χ
Mp
 1
ξ
(after reheating)
1
2
µ2infχ
2 for
1
ξ
 χ
Mp
 1 (reheating)
3
4
µ2infM
2
p
[
1− e−
√
2
3
(χ/Mp)
]2
for 1 χ
Mp
(inflation)
(3.16)
where
µ2inf =
λhM
2
p
3 ξ2
. (3.17)
See Figure 1(b). Note that in the inflationary regime, the potential is analogous to the
Starobinsky R2 inflation scenario [36, 39–44].
3.2 Characteristics of the Reheating Epoch
The Starobinsky model is known to provide a good fit to the Planck data [45]. The value of
the mass scale µinf in the Starobinsky potential is constrained by the scalar power spectrum
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amplitude As of the Cosmic Microwave Background (CMB) to be [36, 46]:
µinf ≈ 3× 1013 GeV . (3.18)
For our inflation model, in which we have Eq. (3.17), this requires,
λh
ξ2
=
3µ2inf
M2p
≈ 5× 10−10 . (3.19)
If we use the tree level-value of λh,
λh =
m2h
2v2h
=
GFm
2
h√
2
≈ 0.13 , (3.20)
we find,
ξ ≈ 2× 104 . (3.21)
This large value of ξ is favourable for the Leptogenesis component of our model, since it
provides a long reheating period in which the Pendulum Leptogenesis mechanism can take
place. Indeed, during the reheating period the inflaton χ evolves from Mp to Mp/ξ, and the
Hubble rate H = a˙/a evolves in the range,
H =
√
ρ
3M2p
≈
√
µ2infχ
2
6M2p
=
µinf√
6
→ µinf√
6ξ
' 1013 GeV → 6× 108 GeV . (3.22)
The Hubble rate at the end of the reheating period, Hreh ' 6× 108 GeV, gives the reheating
temperature:
3M2pH
2
reh = ρrad,reh = g∗
pi2
30
T 4reh
↓
Treh =
(
15
g∗
)1/4(Mpµinf
piξ
)1/2
' (3× 10
15 GeV)√
ξ
ξ=2×104−−−−−→ 2× 1013 GeV ,
(3.23)
where g∗ = 106.75 is the effective number of massless degrees of freedom [47, 48]. As will be
shown in the next section, lepton asymmetry generation via the Pendulum mechanism can
occur at approximate Hubble rates of,
Hd ' (3n× 10−6)ΛCP , (3.24)
where n ∈ N and ΛCP is the C and CP breaking scale, cf. Eq. (1.1), when considering an
inflaton χ oscillating in an 12µ
2
infχ
2 potential during reheating. If ΛCP = ΛGUT = 10
16 GeV,
we have,
Hd ' 3n× 1010 GeV. (3.25)
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Comparison with Eq. (3.22) indicates that there are multiple opportunities during reheating
for Pendulum Leptogenesis to occur. Thus, the characteristics of the reheating epoch in the
Higgs inflation framework matches the conditions necessary to host Pendulum Leptogenesis
dynamics.
3.3 Pendulum Leptogenesis
We continue our analysis in the Einstein frame. In contrast to the inflationary epoch when
Ω2  1, during the reheating epoch we have Ω2 ' 1, and the dynamics of all the non-inflaton
fields become important as energy is transferred from the inflaton to those fields.
Derivative Coupling Between the Inflaton and Scalar-Lepton
Recall that we introduced the C and CP violating dimension-6 operator in Eq. (2.14). During
the reheating epoch we have ξ(h/Mp)
2 ∼√2/3(χ/Mp), which induces the derivative coupling
between the lepton-number current and the inflaton χ:
LCP = −
g˜µν
Λ2
ϕ2(∂µθ)
[
∂ν(h
2)
] ≈ −√2
3
Mp
ξΛ2
g˜µνϕ2(∂µθ)(∂νχ) = − g˜
µν
ΛCP
ϕ2(∂µθ)(∂νχ) ,
(3.26)
where we have set,
ΛCP ≡
√
3
2
ξΛ2
Mp
, (3.27)
cf. Eq. (1.1).
Further Simplifications and the Sakharov Conditions
Including the above term, the relevant terms in the action during reheating are,
S =
∫
d4x
√
−g˜
[
1
2
g˜µν ∂µχ∂νχ+
1
2
g˜µν ∂µϕ∂νϕ+
ϕ2
2
g˜µν ∂µθ∂νθ
−1
2
µ2infχ
2 − λφ
4
(v2ϕ − ϕ2)2 − θϕ4 sin2 θ −
g˜µν
ΛCP
ϕ2(∂µθ)(∂νχ)
]
,
(3.28)
where for the moment we have dropped the h2ϕ2 portal coupling κ in V (h, ϕ, θ). The CP
violation scale ΛCP will be determined later.
We further assume for simplicity that mϕ =
√
2λφvϕ  µinf , so that ϕ ≈ vϕ during
reheating and that its dynamics need not be considered. (This assumption will be relaxed
later.) The action becomes
S =
∫
d4x
√
−g˜
[
1
2
g˜µν ∂µχ∂νχ+
v2ϕ
2
g˜µν ∂µθ∂νθ
−1
2
µ2inf χ
2 − θv4ϕ sin2 θ −
g˜µν
ΛCP
v2ϕ(∂µθ)(∂νχ) + · · ·
]
. (3.29)
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We take g˜µν to be the flat Friedmann-Robertson-Walker metric with scale factor a(t). Given
this isotropic and homogeneous background, we extend this assumption to the properties
of the scalar lepton and inflaton for which spatial variation will be ignored in our analysis.
Therefore, in this parametrization the action takes the form,
S =
∫
d4x a(t)3
[
1
2
χ˙2 − 1
2
µ2inf χ
2 +
v2ϕ
2
θ˙2 − θ v4ϕ sin2 θ −
v2ϕ
ΛCP
θ˙ χ˙
]
. (3.30)
This action compactly showcases the main ingredients of our model. Note how the Sakharov
conditions [49] are satisfied: Firstly, L violation is achieved by the potential θϕ
4 sin2 θ,
which breaks the translational invariance in θ. Secondly, the derivative coupling between θ
and χ provides C and CP violation. Lastly, the required push out-of-thermal-equilibrium is
provided by the reheating epoch, induced by the coherent oscillation of the inflaton field χ.
The generated scalar-lepton-number asymmetry will be converted to fermions via the decay
of the scalar lepton, and later redistributed into a net baryon number by the action of the
B − L conserving sphaleron processes [50–53].
Behaviour of the Inflaton
To determine the conditions under which driven motion can be generated within this frame-
work, we must first specify the inflaton dynamics. We wish for the inflaton’s motion to be
unaffected by the dynamics of θ. This is to ensure that the properties of the reheating epoch
and the coherent oscillation of the inflaton are retained.
The equations of motion obtained from the action, Eq. (3.30), by varying χ and θ are,
(
χ¨+ 3Hχ˙
)
− v
2
ϕ
ΛCP
(
θ¨ + 3Hθ˙
)
+ µ2infχ = 0 , (3.31)
(
θ¨ + 3Hθ˙
)
− 1
ΛCP
(
χ¨+ 3Hχ˙
)
+ θv
2
ϕ sin 2θ = 0 , (3.32)
which can be rearranged to yield,(
1− v
2
ϕ
Λ2CP
)(
χ¨+ 3Hχ˙
)
+ µ2inf χ+
θv
4
ϕ
ΛCP
sin 2θ = 0 , (3.33)
(
1− v
2
ϕ
Λ2CP
)(
θ¨ + 3Hθ˙
)
+ θv
2
ϕ sin 2θ +
µ2inf
ΛCP
χ = 0 . (3.34)
Assuming,
v2ϕ
Λ2CP
 1 , θv
4
ϕ
ΛCP
 µ2inf
Mp
ξ
, (3.35)
the equation of motion for the inflaton χ becomes,
χ¨ + (3H + Γ)χ˙ + µ2infχ ≈ 0 , (3.36)
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where Γ is a friction term introduced to represent the loss of energy of the inflaton to all the
other degrees of freedom in the model. We assume,
3H  µinf , Γ  µinf , (3.37)
and that their time dependences are much slower than µinf , cf. Eq. (3.22). The approximate
solution to the above equation is then,
χ(t) ≈ χi
(
ti
t
)
e−Γ(t−ti)/2 cos
[
µinf(t− ti)
]
= χi
[
H(t)
Hi
]
e−Γ(t−ti)/2 cos
[
µinf(t− ti)
]
, (3.38)
where ti is the time at which the reheating epoch begins, χi = χ(ti), and Hi = H(ti). This
solution indicates that the motion of χ(t) is oscillatory, with an angular frequency µinf , and
an amplitude predominantly attenuated by Hubble damping early in reheating. Eqs. (3.37)
and (3.38) imply
χ˙(t) ≈ −µinf χi
(
ti
t
)
e−Γ(t−ti)/2 sin
[
µinf(t− ti)
]
, (3.39)
that is, χ˙ ∼ µinfχ.
Driven Motion and Phase-Locked States
To derive the conditions under which a non-zero lepton number density nL = −2v2ϕθ˙ will
be generated, the dynamics of θ must be analysed within the background of reheating. The
equation of motion of θ, taking into account Eq. (3.35), is
θ¨ + (3H + Γθ) θ˙ + θv
2
ϕ sin 2θ +
1
ΛCP
µ2inf χ = 0 , (3.40)
where we have introduced the friction term Γθ to account for θ’s loss of energy to SM fields
via the interactions of Eq. (2.3). Substituting Eq. (3.38), we obtain
θ¨ + f(t) θ˙ + p sin(2θ) + q(t) cos
[
µinf(t− ti)
]
= 0 , (3.41)
where
f(t) = 3H(t) + Γθ = (2/t) + Γθ , p = θv
2
ϕ , q(t) =
µ2infχi
ΛCP
H(t)
Hi
. (3.42)
This equation is analogous to that of a forced pendulum. The term proportional to sin(2θ)
can be viewed as the gravitational force on the pendulum when it is at an angle 2θ from
vertical down. q(t) cos[µinf(t − ti)] is the external pushing force, and f(t) the net friction.
The added complexity in our case is that the amplitude of the external force q(t) and the
friction f(t) on the pendulum both depend on t. However, the time evolution of H(t), and
consequently those of f(t) and q(t), is expected to be slow relative to the frequency of the
driving force µinf toward the end of the reheating epoch, cf. Eq. (3.22). Therefore, to analyse
the dynamics of θ during multiple oscillations of the inflaton χ within that time frame, it
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suffices to replace H(t) with a constant Hd = H(td), where td is the time at which driven
motion occurs.
The equation of motion of θ now reads,
θ¨ + fd θ˙ + p sin(2θ) + qd cos
[
µinf(t− ti)
]
= 0 , (3.43)
where fd = f(td), qd = q(td). This equation has been studied in a variety of contexts. The
solutions relevant in our scenario are those that increase or decrease monotonously in time
with only small amplitude modulations, i.e. those of the form:
θ(t) = θ0 +
n
2
µinf(t− ti)−
∞∑
k=1
αk sin
[
kµinf(t− ti) + δk
]
, n ∈ Z . (3.44)
Such solutions are known as phase-locked states and are found in the study of the chaotic
behaviour of the forced pendulum. For instance, the conditions for phase-locked states to exist
were investigated in the study of the chaotic behaviour of an electric current passing through
a Josephson junction [7]. There, it is shown that we require p ' qd = q(td). This makes sense
from the Leptogenesis point of view since for successful lepton-asymmetry generation, both
the L breaking p-term, and the C and CP violating q(t)-term should contribute to the time
evolution of θ. Thus, during reheating we must achieve p ' q(td), which we shall call the
Sweet Spot Condition (SSC), which determines the time td:
θv
2
ϕ︸ ︷︷ ︸
p
' µ
2
infχi
ΛCP
(
Hd
Hi
)
︸ ︷︷ ︸
q(td)
. (3.45)
When this condition is satisfied, rotational motion of the pendulum arises with an almost
constant angular velocity θ˙.
For the phase-locked state solution, Eq. (3.44), the lepton number density nL is calculated
from the time average of θ˙ as ,
nL = −2v2ϕ 〈 θ˙ 〉︸︷︷︸
nµinf/2
= − (µinfv2ϕ)n . (3.46)
Interestingly, this result depends on the integer n, where n/2 is the number of rotations of
the phase θ per oscillation of the inflaton χ. The value of n is not uniquely determinable
from the SSC and must be obtained from numerical simulations. In our previous work [2, 3]
we found via repeated numerical analyses that the integer n was given approximately by,
n ≈ 2θv
2
ϕ
µ2inf
=
m2θ
µ2inf
. (3.47)
Since n is an integer,
m2θ = 2θv
2
ϕ ≥ µ2inf , (3.48)
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which implies that for driven motion to occur, the effective mass mθ =
√
2θ vϕ of the θ field
must be greater than the mass µinf of the inflaton χ. Using this approximate value of n, we
can proceed with calculating the lepton-number density generated by the directed motion in
θ, which yields,
|nL| = µinfv2ϕ n ≈
2θv
4
ϕ
µinf
. (3.49)
This is diluted to,
|nL| → |nL|reh = |nL|
(
ad
areh
)3
, (3.50)
due to the expansion of the universe from td to the end of reheating. The entropy density at
the end of reheating is [48],
sreh =
2pi2
45
g∗T 3reh , (3.51)
and thus the asymmetry parameter is,
ηrehL =
|nL|reh
sreh
=
(
90
2pi2g∗
)(
θv
4
ϕ
µinfT
3
reh
)(
ad
areh
)3
. (3.52)
The dilution factor can be written as,(
ad
areh
)3
=
ρrad,reh
ρrad,d
=
H2reh
H2d
=
(
pi2g∗
90
)(
T 4reh
M2pH
2
d
)
, (3.53)
which allows us to write,
ηrehL =
θv
4
ϕTreh
2µinfH
2
dM
2
p
. (3.54)
Taking into account sphaleron redistribution [50, 51], the final asymmetry generated is,
ηB =
28
79
ηrehL ' 0.18
θv
4
ϕTreh
µinfH
2
dM
2
p
. (3.55)
This can be simplified by utilising the SSC, Eq. (3.45), which leads to,
Hd ≈
(
2θv
2
ϕ
µ2inf
)
︸ ︷︷ ︸
≈ n
ΛCPHi
2χi
≈ nµinf
2
√
6Mp
ΛCP ≈ (3n× 10−6)ΛCP , (3.56)
and finally,
ηB
ηobsB
' 0.3
θ
(
Treh
1012 GeV
)(
1018 GeV
ΛCP
)2
≈ 10
3
θ
√
ξ
(
1018 GeV
ΛCP
)2
, (3.57)
where we have used [54]
ηobsB = 8.5× 10−11 . (3.58)
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Therefore, a large asymmetry can be generated when considering θ < 1, Treh > 10
12 GeV,
and ΛCP < 10
18 GeV. As this is a very rough estimate relying on various approximations and
idealized efficiency, an over-abundance of the baryon asymmetry is encouraging.
It is worth noting that the inverse proportionality of the final expression, Eq. (3.57), to
θ is somewhat counter-intuitive This is due to both nL and Hd being proportional to θ, and
the expansion of the Universe, Eq. (3.53), diluting the asymmetry nL generated at t = td.
Of course, θ cannot be made arbitrary small since one must satisfy Eq. (3.48). The ΛCP
dependence only enters through the dilution factor via Hd. That is, ΛCP only determines
when lepton-number generation happens and not the amount of lepton number generated.
3.4 Summary of Scales Involved
Let us summarize the constraints on various scales and couplings involved in the discussion
so far.
We have the masses µinf , mϕ =
√
2λφvϕ, mθ =
√
2θvϕ, and the CP violation scale ΛCP .
The inflaton mass µinf ≈ 3× 1013 GeV, cf. Eq. (3.18), is set by the CMB data and cannot be
floated. This fixes the ratio λh/ξ
2 ≈ 5× 10−10, cf. Eqs. (3.17) and (3.19), and the reheating
temperature Treh = (3× 1015 GeV)/
√
ξ, cf. Eq. (3.23).
Eq. (3.45) demands mθ > µinf , while the assumption that ϕ is fixed to vϕ during Pendu-
lum Leptogenesis demands mϕ > mθ. Thus the ordering of the masses is
µinf ≤ mθ < mϕ
↓√
θ <
√
λφ
↓
θ  λφ (3.59)
ΛCP is constrained from the requirement that the SSC must be satisfied during reheating:
µinf√
6ξ
< (3n× 10−6)ΛCP <
µinf√
6
↓
(4× 1018 GeV)
n ξ
< ΛCP <
(4× 1018 GeV)
n
(3.60)
cf. Eqs. (3.22) and (3.56). vϕ and θ are constrained by Eq. (3.35):
v2ϕ
Λ2CP
 1 , θv
4
ϕ
ΛCP
 µ2inf
Mp
ξ
= 1041 GeV3 . (3.61)
A possible set of parameters which satisfies all these constraints is,
ΛCP = 3× 1016 GeV ,
vϕ = 3× 1015 GeV ,
θ = 4× 10−7 ,
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λφ = 0.005 ,
λh = 0.13 ,
κ = 0 ,
ξ = 2× 104 ,
n = 1 , (3.62)
which corresponds to
mθ = µinf = 3× 1013 GeV ,
mϕ = 3× 1014 GeV ,
Treh = 2× 1013 GeV , (3.63)
and
ηB
ηobsB
≈ 1010 . (3.64)
The value of λh above is its tree-level value at low energies. If the RGE running of λh is
considered, the value of ξ would be smaller, and the reheating temperature higher.
Let us now turn to the question of vacuum stability to see if it can be resolved within
these constraints.
4 Higgs Vacuum Stability
4.1 Renormalization Group Running of λh
The current experimentally determined values of the Standard Model (SM) parameters strongly
suggest that the Higgs vacuum is only metastable [21–26]. This can be seen from the renor-
malization group (RGE) running of the Higgs quartic coupling λh.
Figure 2 shows the scale dependence of λSMh (µ), the Higgs quartic coupling run with the
2-loop RGE’s with only the SM particle content contributing, and with its low-energy value
fixed to λSMh (mH) = 0.13, cf. Eq. (3.20). (See Appendix B for the 2-loop RGE coefficients.)
The central solid line indicates λSMh (µ) when the Higgs and top masses are fixed to their
current central values of mH = 125.10 ± 0.14 GeV and mt = 173.1 ± 0.9 GeV (pole mass)
[22, 55]. The upper and lower edges of the grey band depict the behaviour of λSMh (µ) when
the top mass is allowed to deviate from its central value by −3σ (upper) and +3σ (lower),
respectively. There is also some small dependence on the uncertainties in mH and αs(MZ)
though these are not shown. In Figure 2, for the central values of mH and mt, λ
SM
h (µ) goes
negative around µins ≈ 1010 GeV, and by the time it reaches the Planck scale, it is as negative
as λSMh (Mp) ' −0.013. Though it is still possible that the Higgs potential is stable up to the
Planck scale if the top mass is actually 3σ smaller than its central value, the likelihood of
this is very small.
We reiterate here that the stability of the Higgs vacuum is crucial for the Higgs inflation
scenario. If the Higgs potential develops an instability at a high scale, it will be unable to
support the slow roll of the Higgs towards a potential minimum. If it is metastable, the Higgs
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Figure 2. Running of the Higgs quartic coupling up to the Planck scale Mp = 2.4 × 1018 GeV. The
current experimental central values from Ref. [55] were used as input parameters with the the top
quark pole mass, mt, varied within its 3σ experimental constraints: mt = 173.1± 0.9 GeV. The upper
bound corresponds to mt = 170.4 GeV and the lower bound mt = 175.8 GeV.
may become trapped in the true vacuum, never to reach the electroweak vacuum state we
observe today.
4.2 Scalar Threshold Effect
The stability of the Higgs vacuum can be recovered by contributions of new particles to the
running of λh. In the Pendulum Leptogenesis scenario, which includes the newly introduced
complex scalar lepton φ, there is no symmetry preventing the introduction of the following
coupling between the Higgs doublet Φ and φ:
κ(Φ†Φ)(φ†φ) → κ
4
h2ϕ2 . (4.1)
Indeed, we have included this coupling in our scalar potential, Eq. (2.7), from the beginning.
This coupling will provide an extra contribution to the RGE of λh coming from ϕ.
The effect of the above coupling between the Higgs scalar h and a SM-singlet real scalar
ϕ on the running of λh(µ) has been explored previously [17, 29–31, 56]. At scales above mϕ,
the particle content of the model consists of the SM + ϕ, whereas below mϕ, it is that of the
SM with ϕ integrated out. Thus, the effective field theory that describes the system changes
at µ = mϕ, including the running coupling λh(µ). For µ < mϕ the running coupling is that of
the SM: λh(µ) = λ
SM
h (µ), whereas for µ > mϕ it runs with contributions from ϕ. At µ = mϕ,
the integrating out of the ϕ degree of freedom leads to a finite shift [57]:
λSMh (mϕ) = λh(mϕ)−
κ2(mϕ)
4λφ(mϕ)
. (4.2)
This scalar threshold effect in the evolution of λh(µ) at µ = mϕ is depicted in Figure 3 for
the case mϕ = µins = 10
10 GeV, λφ = 10
−6, and κ = 2.5× 10−4. Note that regardless of the
sign of κ, the shift term proportional to κ2/λφ in Eq. (4.2) implies a positive correction to
λh(µ) at µ = mϕ when following its evolution from lower energies. Furthermore, this shift
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Figure 3. An example of the scalar threshold effect, in which mϕ = 10
10 GeV, λφ = 10
−6, and
κ = 2.5 × 10−4. In this case, Higgs vacuum stability is restored up to the Planck scale with the
apparent discontinuity at the mϕ mass scale, near the instability scale, being due to the scalar threshold
effect. In the numerical calculations the 2-loop RGEs for the SM couplings are used, and are given in
Appendix B [56], with initial input values the central experimental values given in [55].
can be significant even when both κ and λφ are too small for the presence of ϕ to have a
non-negligible effect on the running of λh(µ) above µ = mϕ. In fact, as suggested by Figure 3,
it may be sufficiently large to maintain the positivity of λh(µ) all the way up to the Planck
scale. Indeed, this can be accomplished by simply requiring,
κ2(mϕ)
4λφ(mϕ)
> |λSMh (Mp)| ≈ 0.01 , (4.3)
or
κ2(mϕ) & 0.04λφ(mϕ) . (4.4)
Recall that the stability of the scalar potential, Eq. (2.7), requires Eq. (2.9):
4λh(mϕ)λφ(mϕ) > κ
2(mϕ) , (4.5)
which implies that λSMh (mϕ) of Eq. (4.2) must be positive. The positivity of λ
SM
h (mϕ) is
a requirement on the scale mϕ, since this restricts mϕ to be less than the instability scale:
mϕ < µins. This last requirement is incompatible with the order of scales that was assumed
earlier, namely µins < µinf ≤ mθ < mϕ.
If we wish to simultaneously avoid the metastability of the Higgs vacuum, and have
successful Pendulum Leptogenesis, we must overcome the tension between these two scale
orderings. For λh(µ) to remain positive up to the Planck scale, mϕ must be less than or equal
to the instability scale µins ' 1010 GeV, while Pendulum dynamics require mθ to be near the
scale of the inflation µinf ' 1013 GeV. Thus, we must re-evaluate the requirement mθ < mϕ
which was introduced to suppress the dynamics of ϕ during reheating.
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In the following, we will perform a reanalysis of our model including the full dynamics of
ϕ assuming mϕ < µins. We also set κ 6= 0 in order to have ϕ contribute to the RG evolution
of λh. This mixing of h and ϕ means we must reanalysis the inflationary dynamics of our
model with possible contributions from both h and ϕ to the inflaton χ.
5 Dynamics of the Model Revisited
5.1 Inflation: ζ 6= 0 Case
We allow ζ 6= 0 for the sake of generality. For the purpose of Pendulum Leptogenesis, we wish
to identify the Higgs scalar h with the inflaton χ. The question is under what conditions can
this identification be maintained.
We perform a conformal transformation from the Jordan frame to the Einstein frame as
in Eq. (3.3) but this time with
Ω2 = 1 +
ξh2
M2p
+
ζϕ2
M2p
. (5.1)
In the inflationary regime where Ω2  1, the relevant terms in the action are
SE =
∫
d4x
√
−g˜
[
−M
2
p
2
R˜ +
g˜µν
2
M2p
3(∂µΩ
2)(∂νΩ
2)
2Ω4
− 1
Ω4
V (h, ϕ, θ) + · · ·
]
, (5.2)
where the scalar potential V (h, ϕ, θ) is that given in Eq. (2.7). The inflaton field χ can be
identified, as in Eq. (3.10), with,
χ ≈
√
3
2
Mp ln Ω
2 =
√
3
2
Mp ln
(
1 +
ξh2
M2p
+
ζϕ2
M2p
)
. (5.3)
The direction of χ in the 2D h-ϕ space is determined by V (h, ϕ, 0)/Ω4, where we set θ = 0
to suppress the L-violating term. Let
r2 = ξh2 + ζϕ2 , tan δ =
√
ζϕ√
ξh
→
√
ξh = r cos δ ,
√
ζϕ = r sin δ . (5.4)
Then Ω2 = 1 + (r2/M2p ) and,
1
Ω4
V (h, ϕ, 0)
rMp−−−−→ M
4
p
4
[ (
λh
ξ2
)
︸ ︷︷ ︸
A
c4δ +
(
κ
ξζ
)
︸ ︷︷ ︸
B
c2δs
2
δ +
(
λφ
ζ2
)
︸ ︷︷ ︸
C
s4δ
︸ ︷︷ ︸
λeff(s
2
δ)
](
1− 1
Ω2
)2
, (5.5)
where cδ = cos δ, sδ = sin δ. The angle δ minimizes
λeff(s
2
δ) = Ac
4
δ +Bc
2
δs
2
δ + Cs
4
δ , (5.6)
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that is, the inflaton χ evolves along the deepest valley of V (h, ϕ, 0)/Ω4. Note that s2δ is
resricted to the range 0 ≤ s2δ ≤ 1. The stability of the potential demands Eq. (2.9),
4λhλφ > κ
2 → 4AC > B2 → −2
√
AC < B < 2
√
AC . (5.7)
Let us assume 0 < A C,
λh
ξ2
 λφ
ζ2
, (5.8)
but allow B = κ/(ξζ) to have either sign. The ζ = 0 case is included in this restriction. As
shown in Appendix A, if 2A ≤ B < 2√AC,
2ζλh
ξ
≤ κ < 2√λhλφ , (5.9)
then the minimum of λeff(s
2
δ) is at s
2
δ = 0 where it is equal to,
λeff(0) = A =
λh
ξ2
. (5.10)
In this case, the inflaton χ consists purely of the Higgs scalar h. Note that due to Eq. (5.8),
κ may not need to be significantly fine-tuned to fall into this range.
If −2√AC < B < 2A,
− 2√λhλφ < κ < 2ζλh
ξ
, (5.11)
then the minimum of λeff(s
2
δ) is at,
s2δ = s˘
2
δ ≡
A− (B/2)
A−B + C <
√
A√
A+
√
C
 1 , (5.12)
where it has the value,
λeff(s˘
2
δ) =
AC − (B2/4)
A−B + C < A , (5.13)
which is positive, as it should be, due to Eq. (5.7). In this case, the inflaton χ is a mixture
of h and ϕ, but the condition A  C, cf. Eq. (5.8), ensures Eq. (5.12), s˘2δ  1, so that
the admixture of ϕ in χ is very small. In the limit ζ → 0, we have s˘2δ → 0, and λeff(s˘2δ) →
(λh − κ2/4λφ)/ξ2.
Therefore, by requiring Eqs. (5.8) and (5.9) or (5.11), the inflaton χ can be made to
consist only (in the case of Eq. (5.9)) or mostly (in the case of Eq. (5.11)) of the Higgs scalar
h. In both cases, the relation between χ and h can be considered to be given by Eq. (3.13),
and the inflaton potential will be given by,
V (χ) =
V (h, ϕ, 0)
Ω4
≈ λ˘effM
4
p
4
(
1− 1
Ω2
)2
=
3
4
µ2infM
2
p
[
1− e−
√
2
3
(χ/Mp)
]2
, (5.14)
where λ˘eff is the minimum value of λeff(s
2
δ) and,
µ2inf =
λ˘effM
2
p
3
. (5.15)
This expression encompasses Eq. (3.17) for the ζ = 0, κ = 0 case in which λ˘eff = λh/ξ
2.
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5.2 Reheating Dynamics and Pendulum Leptogenesis Revisited
The Effective Action
During the reheating epoch, Ω2 & 1, and all the terms in the action that were neglected
during inflation due to Ω2  1 must now be considered. The relevant terms are now,
SE =
∫
d4x
√
−g˜
[
− M
2
p
2
{
R˜− g˜µν 3(∂µΩ
2)(∂νΩ
2)
2Ω4
}
+
g˜µν
2Ω2
(
∂µh ∂νh+ ∂µϕ∂νϕ+ ϕ
2∂µθ ∂νθ
)
− 1
Ω4
V (h, ϕ, θ) +
1
Ω4
LCP
]
.
(5.16)
As discussed in the previous subsection, when Eq. (5.9) is satisfied, the inflaton χ consists of
only the Higgs scalar h, and when Eq. (5.11) is satisfied the inflaton χ still consists mostly of
the Higgs scalar h with only a very small admixture of ϕ. Under this assumption, we replace
the kinetic terms of Ω2 and h in the above action with that of χ as in Eq. (3.8) such that,
SE ≈
∫
d4x
√
−g˜
[
− M
2
p
2
R˜+
g˜µν
2
{
∂µχ∂νχ+ ∂µϕ∂νϕ+ ϕ
2∂µθ ∂νθ
}
−V (χ, ϕ, θ) − g˜
µν
ΛCP
ϕ2(∂µθ)(∂νχ)
]
. (5.17)
Here, V (χ, ϕ, θ) is the scalar potential V (h, ϕ, θ) in which the Higgs scalar h has been replaced
by the inflaton χ using Eq. (3.13):
V (h, ϕ, θ) =
λh
4
(v2h − h2)2 +
κ
4
(v2h − h2)(v2ϕ − ϕ2) +
λφ
4
(v2ϕ − ϕ2)2 + θϕ4 sin2 θ
↓
V (χ, ϕ, θ) =
λh
4
(
v2h −
√
2
3
Mp
ξ
χ
)2
+
κ
4
(
v2h −
√
2
3
Mp
ξ
χ
)
(v2ϕ − ϕ2) +
λφ
4
(v2ϕ − ϕ2)2 + θϕ4 sin2 θ
≈ 1
2
µ2inf χ
2 −Kχ(v2ϕ − ϕ2) +
λφ
4
(v2ϕ − ϕ2)2 + θϕ4 sin2 θ , (5.18)
where
K ≡ κMp
2
√
6ξ
. (5.19)
Note that a χϕ2 coupling term exists when κ 6= 0. In this form, the potential minima are at,
〈χ〉 = 0 , 〈ϕ2〉 = v2ϕ , 〈θ〉 = npi , n ∈ Z . (5.20)
The stability of these points require,
λφµ
2
inf > 2K
2 , (5.21)
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which is guaranteed by Eq. (2.9).
The main difference between our original analysis and the current one is the dynamical
nature of ϕ and the motion induced by its direct coupling to the inflaton: χϕ2. To obtain
directed motion in θ, as in the original scenario, ϕ must become trapped around its minimum
with only small oscillations around it sometime during the reheating epoch, with sufficient
time left for the χ˙θ˙ interaction to do its job.
Imposition of Various Viability Conditions
Selecting the flat Friedmann-Robertson-Walker metric with scale factor a(t) and ignoring
spatial dependence as before, the equations of motion obtained by varying ϕ, χ and θ are
given respectively by
ϕ¨+ 3Hϕ˙−
(
θ˙2 − 2χ˙θ˙
ΛCP
)
ϕ+
∂V
∂ϕ
= 0 , (5.22)
χ¨+ 3Hχ˙− ϕ
2
ΛCP
[
θ¨ +
(
3H +
2ϕ˙
ϕ
)
θ˙
]
+
∂V
∂χ
= 0 , (5.23)
θ¨ +
(
3H +
2ϕ˙
ϕ
)
θ˙ − 1
ΛCP
[
χ¨+
(
3H +
2ϕ˙
ϕ
)
χ˙
]
+
1
ϕ2
∂V
∂θ
= 0 . (5.24)
Compare with Eqs. (3.31) and (3.32). Keeping in mind Eq. (5.8), which is already imposed
in order to have χ ∼ h2, and Eq. (5.9) for inflation driven purely by h, we wish to find the
conditions under which the following requirements can be satisfied:
1. The oscillatory dynamics of the inflaton χ is little affected by those of ϕ, θ, or any of
the SM fields.
2. ϕ becomes trapped close to its vacuum expectation value vϕ not too far into the reheat-
ing epoch so that there is ample time to generate the rotational motion of θ.
3. The SSC, Eq. (3.45), can be satisfied after ϕ is trapped.
4. The Higgs stability conditions, mϕ =
√
2λφvϕ < µins and Eq. (4.4), are satisfied.
Previously, the effects of ϕ, θ, and the SM fields on the dynamics of the inflaton χ were all
absorbed into a constant friction term Γ, cf. Eq. (3.36). The conditions 2 and 3 were satisfied
by suppressing the dynamics of ϕ by choosing mφ  mθ. Here, we refrain from that option
for the sake of 4. Let us look at these requirements one by one.
Dynamics of χ and θ
We first look at the dynamics of χ and θ to clarify what requirements need to be placed on
the dynamics of ϕ for Pendulum Leptogenesis to proceed as before.
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Rearranging Eqs. (5.24) and (5.23), writing out the force terms explicitly, and introducing
friction terms to account for the interaction of χ and θ with SM fields, we obtain,(
1− ϕ
2
Λ2CP
)(
χ¨+ 3Hχ˙
)
+
{
Γ−
(
ϕ2
Λ2CP
)(
2ϕ˙
ϕ
)}
χ˙
+µ2infχ + K(ϕ
2 − v2ϕ) +
θ
ΛCP
ϕ4 sin 2θ = 0 , (5.25)
(
1− ϕ
2
Λ2CP
){(
θ¨ + 3Hθ˙
)
+
(
2ϕ˙
ϕ
)
θ˙
}
+ Γθ θ˙ + θ ϕ
2 sin 2θ
+
1
ΛCP
{
µ2inf χ + K(ϕ
2 − v2ϕ) −
(
2ϕ˙
ϕ
)
χ˙
}
= 0 . (5.26)
Compare with Eqs. (3.33) and (3.34). As before, we would like the oscillatory dynamics of
the inflaton χ to be little affected by the dynamics of ϕ or θ. That is, we wish to find the
conditions under which the Eq. (5.25) can be well approximated by Eq. (3.36), and determine
how Eq. (3.40) will be modified.
We first require,
ϕ2
Λ2CP
 1 , θϕ
4
ΛCP
 µ2inf
Mp
ξ
, (5.27)
which would be the same condition as Eq. (3.35) if ϕ = O(vϕ). The equations become,
(
χ¨+ 3Hχ˙
)
+ Γ χ˙ + µ2infχ + K(ϕ
2 − v2ϕ) = 0 , (5.28)
(
θ¨ + 3Hθ˙
)
+
{
Γθ +
(
2ϕ˙
ϕ
)}
θ˙ + θ ϕ
2 sin 2θ
+
1
ΛCP
{
µ2inf χ + K(ϕ
2 − v2ϕ) −
(
2ϕ˙
ϕ
)
χ˙
}
= 0 . (5.29)
In order for θ to undergo a well-defined directed rotational motion, ϕ should be trapped in
one of its potential wells, e.g. at ϕ = vϕ, and only undergo small oscillations around it, at
least toward the latter half of the reheating epoch. Since the motion of ϕ will be driven by
the oscillation of χ, we expect it to oscillate with the same frequency µinf , that is,
ϕ ∼ vϕ + α cos (µinft+ δϕ)
↓
2ϕ˙
ϕ
∼ 2µinfα
vϕ
,
ϕ2 − v2ϕ ∼ 2vϕα cos (µinft+ δϕ) +O(α2) . (5.30)
– 23 –
We will see later that
2α
vϕ
∼ O(1) , (5.31)
2ϕ˙
ϕ
∼ µinf . (5.32)
Let us demand, ∣∣K(ϕ2 − v2ϕ)∣∣  ∣∣µ2infχ∣∣
↓
|2Kvϕα| 
∣∣∣∣µ2infMpξ
∣∣∣∣
↓
|κ|v2ϕ
2
√
6µ2inf
2α
vϕ
 1
↓
|κ|v2ϕ
2
√
6µ2inf
 1 . (5.33)
The equations become,(
χ¨+ 3Hχ˙
)
+ Γ χ˙ + µ2infχ = 0 , (5.34)
(
θ¨ + 3Hθ˙
)
+
{
Γθ +
(
2ϕ˙
ϕ
)}
θ˙ + θ ϕ
2 sin 2θ
+
1
ΛCP
{
µ2inf χ −
(
2ϕ˙
ϕ
)
χ˙
}
= 0 . (5.35)
The equation for the inflaton χ is now in its desired form. The (2ϕ˙/ϕ) terms that appear in
the equation of motion for θ are non-negligible. (2ϕ˙/ϕ) in the coefficient of θ˙ dominates over
(3H + Γθ) and renders the friction time-dependent and oscillatory. Since χ˙ ∼ µinfχ, we have,(
2ϕ˙
ϕ
)
χ˙ ∼
(
2α
vϕ
)
µ2infχ ∼ µ2infχ . (5.36)
Therefore, this term is of the same order as the µ2infχ term. Both terms will contribute to
driving the motion of θ, though the time-dependence of the friction will modify the dynamics
from the original setup. We perform a thorough analysis of its effect in the next subsection.
It is demonstrated that phase-locked states with θ˙ ∼ µinf are generated as before within this
framework.
Dynamics of ϕ
Let us consider the dynamics of ϕ. As we found above, we need the motion of ϕ to be limited
to small oscillations around ϕ = vϕ (or ϕ = −vϕ) for rotational motion of θ in one direction
to be generated.
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Figure 4. Plot of the oscillation of ϕ during reheating, showing its evolution and subsequent trapping
around one of its potential minima, as governed by Eq. (5.37) when neglecting the production of
driven motion in θ, that is θ˙ ' χ˙/ΛCP . The horizontal axis is in the units τ = µinft, and the example
parameters used are λφ = 10
−8, θ = 4× 10−5, ξ = 2× 104, ζ = 100, and vϕ = 5× 1015 GeV.
Eq. (5.22) with the force terms written out explicitly and an added friction term is{
ϕ¨+
(
3H + Γϕ
)
ϕ˙
}
+
{
−m
2
ϕ
2
− θ˙2 + 2
(
−Kχ+ 1
ΛCP
θ˙χ˙
)}
ϕ+
(
λφ + 4θ sin
2 θ
)
ϕ3 = 0 .
(5.37)
The friction term Γϕ comes from the decay of ϕ to right-handed neutrinos through the
interaction shown in Eq. (2.3).
The m2ϕϕ/2 and λφϕ
3 terms compete with each other to push ϕ toward the potential
minima at ϕ = ±vϕ = ±
√
m2ϕ/2λφ; the m
2
ϕϕ/2 term forces ϕ away from ϕ = 0, and the λφϕ
3
term pushes ϕ toward ϕ = 0.
The θ˙2 term is the centrifugal barrier, which also forces ϕ away from ϕ = 0 and contributes
to trapping ϕ. During reheating, the motion of θ is driven by the oscillation of χ, so it will
either oscillate with the same frequency µinf so that θ˙ ∼ µinfθ, or enter into a phase locked
state with θ˙ ∼ nµinf/2, cf. Eq. (3.46). In either case, θ˙2 scales as,
θ˙2 ∼ µ2inf , (5.38)
and if mϕ < µins  µinf , the centrifugal barrier term can be expected to dominate over the
m2ϕ/2 term throughout the reheating epoch. On the other hand, the 4θ sin
2 θ ϕ3 term, which
contributes to pushing ϕ toward zero, dominates over the λφϕ
3 term since λφ  θ due to
our assumption mϕ < µins  µinf ≤ mθ,
The K and the ΛCP terms couple ϕ to the inflaton χ. These terms oscillate around zero
and drive the motion of ϕ. Since the oscillation amplitude of χ evolves from Mp to Mp/ξ
during reheating, cf. Eq. (3.16), the amplitude of the Kχ term evolves as,
|Kχ| ≈ |K|Mp → |K|Mp
ξ
=
|κ|M2p
2
√
6ξ
→ |κ|M
2
p
2
√
6ξ2
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≈ µ2inf
(
109|κ|
ξ
→ 10
9|κ|
ξ2
)
. (5.39)
For the amplitude of other term, we use θ˙ ∼ µinf , χ˙ ∼ µinfχ and estimate,∣∣∣∣ θ˙χ˙ΛCP
∣∣∣∣ ≈ µ2inf ( MpΛCP → MpΛCPξ
)
. (5.40)
Since ξ ∼ 104, by judicious choices of small κ and large ΛCP , we can suppress these terms in
comparison to the centrifugal barrier ∼ µ2inf , in particular, toward the end of the reheating
epoch. So let us require,
109|κ|
ξ2
 1 , Mp
ΛCPξ
 1 . (5.41)
Then, toward the latter half of the reheating period, the equation of motion of ϕ is,
ϕ¨+
(
3H + Γϕ
)
ϕ˙−
(
m2ϕ
2
+ θ˙2
)
ϕ+
(
λφ + 4θ sin
2 θ
)
ϕ3 ≈ 0 . (5.42)
We keep both the m2ϕ and λφ terms to prevent the linear and cubic terms from periodically
vanishing when θ is oscillatory. The motion of ϕ is now determined by the competition
between the push away from ϕ = 0 by the linear term, and the push toward ϕ = 0 by the
cubic term. Both are driven indirectly by the inflaton χ via θ.
This equation is quite promising for the entrapment of ϕ into either ϕ > 0 or ϕ < 0,
which is a prerequisite for θ entering into a phase-locked state. Early in the reheating epoch,
θ can be expected to be provided with sufficient energy from the inflaton χ to jump over
the peaks of the potential 4θ sin
2 θ with ease. Its oscillation amplitude will be very large,
covering multiple potential wells per oscillation. In that situation, θ˙ will also be very large,
oscillating with amplitude µinfA, where A is the amplitude of θ. On the other hand, the
coefficient of the competing cubic term is bounded: 0 ≤ 4θ sin2 θ ≤ 4θ. The function sin2 θ
will oscillate very rapidly compared to µinf , and can effectively be replaced by its average
value 4θ〈sin2 θ〉 = 2θ. The equation of motion is approximately
ϕ¨+
(
3H + Γϕ
)
ϕ˙−
{
m2ϕ
2
+ µ2infA2 cos2(µinft)
}
ϕ+
(
λφ + 2θ
)
ϕ3 ≈ 0 . (5.43)
Therefore, we expect the large oscillating centrifugal barrier term to confine ϕ into either
ϕ > 0 or ϕ < 0, soon after the K and ΛCP terms become negligible, allowing for a well-
defined direction in the evolution of θ.
When θ is in a phase-locked state, we have θ˙ ≈ nµinf/2, and sin θ ≈ sin(nµinft/2). The
equation is,
ϕ¨+
(
3H + Γϕ
)
ϕ˙−
(
m2ϕ
2
+
n2µ2inf
4
)
ϕ+
{
λφ + 4θ sin
2
(
nµinft
2
)}
ϕ3 ≈ 0 . (5.44)
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This time, the cubic term is oscillatory. The average equilibrium position of ϕ is,
〈ϕ〉 ≈ nµinf
2
√
2θ
=
nµinf
2mθ
vϕ ≈
√
n
2
vϕ , (5.45)
where we have used Eq. (3.47). Note that this is the same order of magnitude as vϕ as
assumed, cf. Eqs. (3.35) and (5.27). Let ϕ = 〈ϕ〉+ ρ. Assuming ρ 〈ϕ〉 ≈ vϕ, the equation
for ρ is
ρ¨+ γρ˙ ≈
√
n
8
ω2vϕ cosωt , (5.46)
where,
γ = 3H + Γϕ , ω = nµinf . (5.47)
The amplitude of the forced oscillation of ρ is
α =
(
√
nω2vϕ/8)√
ω4 + ω2γ2
=
(
√
nvϕ/8)√
1 + (γ2/ω2)
γω−−−→
√
nvϕ
8
,
α
〈ϕ〉 ≈
1
4
. (5.48)
Thus, though ϕ can be trapped around 〈ϕ〉 ∼ vϕ, its amplitude of oscillation will be of order
〈ϕ〉/4. Therefore, for γ  µinf the time-evolution of ρ = ϕ− 〈ϕ〉 is given by,
ρ ≈ 1
4
〈ϕ〉 cosωt . (5.49)
Phase-Locked States Revisited
Let us now return to the reanalysis of the dynamics of θ. The equation of motion is
θ¨ +
{(
3H + Γθ
)
+
(
2ϕ˙
ϕ
)}
θ˙ + θ ϕ
2 sin 2θ +
1
ΛCP
{
µ2inf χ −
(
2ϕ˙
ϕ
)
χ˙
}
= 0 . (5.50)
The time-dependences of the various terms can be assumed to be given approximately by
χ = χi cos(µinf(t− t0d)) ,
χ˙ = −µinfχi sin(µinf(t− t0d)) , (5.51)
and
ϕ = 〈ϕ〉
(
1 +
1
4
cos
[
nµinf(t− t0d)
])
ϕ˙ = −n
4
〈ϕ〉µinf sin(nµinf(t− t0d))
 →
2ϕ˙
ϕ
≈ −n
2
µinf sin(nµinf(t− t0d)) , (5.52)
where t0d is the approximate time that driven motion of θ becomes possible. Here, we assume
that there is no phase shift between the oscillation of the inflaton χ and the induced oscillation
of ϕ around 〈ϕ〉.
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Figure 5. The driven motion observed for different n, where n = 2 (Blue), 3 (Purple), 4 (Green), 4.5
(Orange), 8 (Red) while the black line corresponds to θ˙ = (n/2)µinf , and τ = µinf (t− td); where we
have considered Eq. (5.50) and (5.52).
With these inputs, we solve Eq. (5.50) numerically for the motion of θ, and arrive at
the solutions depicted in Figure 5. Note that in deriving the time dependence of ϕ in the
previous section, we assumed that θ was in a phase-locked state with θ˙ = (n/2)µinf . Thus, any
driven motion produced in Eq. (5.50) must approximate this relation to be consistent with the
analysis assumptions. We find that within the range 2 ≤ n ≤ 4 the driven motion generated
approximates the relation θ˙ = (n/2)µinf as required. For larger values of n, consistency with
the solution to the equation of motion for ϕ progressively breaks down, with θ showing purely
sinusoidal oscillation for n = 8.
This result can be understood from Eq. (5.45) and the SSC given in Eq. (3.45). When n
is greater than 4, the average value of ϕ given in Eq. (5.45) becomes greater than the value
prior to driven motion vϕ. The original form of the SSC then quickly becomes violated as the
potential of θ increases, ending driven motion as visible in the n = 4.5 and 8 scenarios plotted
in Figure 5. Instead for n ≤ 4, the average value of ϕ decreases and subsequently lowers the
required driving force to maintain the SSC. This leads to the continued production of driven
motion in θ as seen in the n = 2, 3, and 4 cases depicted in Figure 5.
5.3 Higgs Vacuum Stability
To ensure the positivity of λh(µ) up to the Planck scale, we must demand the mass ordering
mϕ < µins < µinf < mθ, as well as the condition given in Eq. (4.4), namely κ
2 > 0.04λφ. Here,
we treat κ and λφ as scale independent objects since their RGE running can be expected to
be negligible due to the small sizes they will be assigned.
Combining this constraint with that in Eq. (5.33) we find the range of κ consistent with
our analysis to be
0.04λφ < κ
2  24
(
µinf
vϕ
)4
, (5.53)
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which implies
→ 0.0004
(
2λφv
2
ϕ
µ2inf
)2
= 0.0004
(
mϕ
µinf
)4
 λφ , (5.54)
Since we need to require mϕ =
√
2λφvϕ < µins = 10
10 GeV for Higgs vacuum stability, this
condition is not difficult to satisfy.
5.4 Generated Baryon Asymmetry
Now that we have found the parameter requirements to control the dynamics of ϕ and χ, and
thus produce driven motion, we can follow the Pendulum Leptogenesis mechanism analysis
as described in Sec. 3 to calculate the generated baryon asymmetry. In this scenario, the UV
cut-off scale will be fixed to,
ΛCP =
Mp
ζ
. (5.55)
where this is motivated by the scale at which the Einstein and Jordan Frame descriptions
of ϕ coincide, allowing the consistent definition of the CP violating interaction between the
Higgs and ϕ, as given in Eq. (3.26), during the reheating epoch.
In this setting, the Sweet Spot Condition has the following form,
n ' 5ζHd
µ
or Hd ' nµ
5ζ
. (5.56)
and from the initial Hubble rate of reheating, Eq. (3.22), we obtain the allowed range,
ζ >
n
2
≥ 1 , (5.57)
while from the analysis of ϕ, we require 4 ≥ n ≥ 2 for a consistent description of the
driven motion, so we can simply require ζ > 2 . The ζ coupling has an upper bound from
the requirement in Eq. (5.27), and thus ζ must exist within the range,
Mp
vϕ
> ζ > 2 . (5.58)
Successful generation of driven motion leads to a baryon asymmetry parameter analogous
to that found earlier in Eq. (3.55),
ηB =
28
79
ηL ' 0.18
θv
4
ϕTreh
µinfH
2
dM
2
p
. (5.59)
Therefore, in this scenario the observed baryon asymmetry is given by,
ηB
ηobsB
' 2ζ
2
3θ
(
Treh
2× 1013 GeV
)
, (5.60)
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where we have utilised the SSC to rearrange this equation. Considering the range given in Eq.
(5.58) and the approximate reheating temperature for Higgs Inflation we have the following
bound on the asymmetry generation,
2Mp
3θvϕ
>
ηB
ηobsB
>
8
3θ
, (5.61)
seeing as we require θ < 1 an approximate lower limit on the asymmetry can be given by,
ηminB
ηobsB
& O(10) , (5.62)
which is promising given that we have assumed ideal conditions.
5.5 Summary of Scales Involved
The parameter constraints in the ζ, κ 6= 0 scenario are different to those summarised in
Section 3.4, due to the presence of these new couplings and the requirement of Higgs vacuum
stability. Here, the ordering of the mass parameters has changed to,
mϕ ≤ µins < µinf ≤ mθ
↓√
λφ <
√
θ
↓
λφ  θ (5.63)
to enable the scalar ϕ to bring stability to the Higgs vacuum. The subsequent requirements
on the parameter that achieve this are,
κ2 > 0.04λφ and 0.0004
(
mϕ
µinf
)4
 λφ , (5.64)
ensuring λh is positive up to the Planck scale. These can all be satisfied consistently with the
Pendulum Leptogenesis scenario and successful Higgs Inflation.
The allowed range of n is reduced due to the inclusion of the dynamics of ϕ. For a
consistent description of the driven motion we require,
4 ≥ n ≥ 2 , (5.65)
which places a lower bound on the non-minimal coupling ζ through the cut-off scale ΛCP .
In this scenario, ΛCP is defined by the energy scale at which the Einstein and Jordan frame
fields of ϕ converge,
ΛCP =
Mp
ζ
, (5.66)
which means that ζ must lie in the range,
Mp
vϕ
> ζ > 2 . (5.67)
Selecting parameters satisfying each of these conditions lead to successful Higgs inflation,
Pendulum Leptogenesis during reheating, and stability of the Higgs vacuum.
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6 Conclusion
We have presented a model that entails a minimal addition to the Standard Model to simul-
taneously ensure Higgs vacuum stability up to the Planck scale, successful inflation, Lepto-
genesis via the pendulum mechanism, and generate the active neutrino masses. Considering
the two components of the complex scalar lepton, the real scalar and complex phase, can
help illuminate how this is achieved. The real scalar component couples to the Higgs boson
via the portal interaction and to gravity via a non-minimal coupling, meaning that it can
take part in the inflationary epoch and ensure vacuum stability, while giving a mass to the
right handed neutrinos via its vacuum expectation value. On the other hand, the complex
scalar phase is integral to the setup of the pendulum dynamics and hence the Leptogenesis
mechanism during reheating. This model was found to simultaneously achieve the goals of
Higgs vacuum stability, successful inflation, Leptogenesis via the pendulum mechanism, and
light neutrino masses. The parameter conditions required to achieve this were explored and
summarised.
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A Minima of the Effective Quartic Coupling λeff(s
2
δ)
We wish to find the minimum of the function
λeff(s
2
δ) = Ac
4
δ +Bc
2
δs
2
δ + Cs
4
δ
= A(1− s2δ)2 +B(1− s2δ)s2δ + Cs4δ
= (A−B + C)s4δ − (2A−B)s2δ +A
= (A−B + C)
[
s2δ −
A− (B/2)
A−B + C
]2
+
AC − (B2/4)
A−B + C , (A.1)
where sδ = sin δ, cδ = cos δ. Note that the range of s
2
δ is 0 ≤ s2δ ≤ 1. We will assume A > 0,
C > 0, but allow B to be of either sign. Note that the stability of the potential demands
4AC > B2 → −2
√
AC < B < 2
√
AC , (A.2)
cf. Eq. (2.9).
• If (A−B+C) < 0 then λeff(s2δ) is a concave quadratic function of s2δ , and its minimum
in the range 0 ≤ s2δ ≤ 1 is at either s2δ = 0 or s2δ = 1:
λeff(0) = A , λeff(1) = C . (A.3)
So if A+ C < B and A < C, then the minimum is A at s2δ = 0 and if A+ C < B and
A > C, then the minimum C is at s2δ = 1.
• If (A−B +C) > 0 then λeff(s2δ) is a convex quadratic function of s2δ . The lowest point
of the parabola is at
s2δ =
A− (B/2)
A−B + C , (A.4)
but this does not always fall within the interval s2δ ∈ [0, 1]. There are three possible
cases:
A− (B/2)
A−B + C < 0 → A < C, 2A < B < A+ C → minimum A at s
2
δ = 0
1 <
A− (B/2)
A−B + C → C < A, 2C < B < A+ C → minimum C at s
2
δ = 1
0 <
A− (B/2)
A−B + C < 1 → B < min(2A, 2C,A+ C)
→ minimun AC − (B
2/4)
A−B + C at s
2
δ =
A− (B/2)
A−B + C
(A.5)
Note that Eq. (A.2) ensures the positivity of λeff(s
2
δ) in the third case.
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In the main text, we assume A < C, in which case if 2A < B < 2
√
AC the minimum is
A = λh/ξ
2 at s2δ = 0, while if −2
√
AC < B < 2A the minimum is
AC − (B2/4)
A−B + C =
λhλφ
ξ2ζ2
− κ
2
4ξ2ζ2
λh
ξ2
− κ
ξζ
+
λφ
ζ2
=
λhλφ − (κ2/4)
ζ2λh − ξζκ+ ξ2λφ ≤
λh
ξ2
<
λφ
ζ2
. (A.6)
at
s2δ =
A− (B/2)
A−B + C =
λh
ξ2
− κ
2ξζ
λh
ξ2
− κ
ξζ
+
λφ
ζ2
=
ζ2λh − ξζκ/2
ζ2λh − ξζκ+ ξ2λφ . (A.7)
Therefore, even when ζ 6= 0, the inflaton will consist of only the Higgs (s2δ = 0) if the
conditions
A < C, 2A < B < 2
√
AC, → λh
ξ2
<
λφ
ζ2
,
2ζλh
ξ
< κ < 2
√
λhλφ , (A.8)
are met. If
A < C, −2
√
AC < B < 2A → λh
ξ2
<
λφ
ζ2
, −2√λhλφ < κ < 2ζλh
ξ
, (A.9)
the inflaton will be a mixture of h and ϕ. The maximum value of s2δ where the potential
minimum is is given by
s2δ =
√
A√
A+
√
C
(A.10)
when B = −2√AC, that is κ = −2√λhλφ, at which point λeff(s2δ) will be zero, and go
negative if B is decreased further into the negative. Therefore, if A C, the inflaton χ will
always be dominated by h.
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B 2-loop RGEs for Standard Model plus Lepton Scalar Portal
In our analysis we utilize the following 1-loop and 2-loop RGE coefficients obtained from
Ref. [56]. Here, g1, g2, g3 are respectively the U(1)Y × SU(2)L × SU(3) gauge couplings, yt
is the top Yukawa, and β
(n)
g /(4pi)2n are the n-loop contributions to the β-function of g above
the scale mϕ. Below the scale mϕ, the λφ and κ terms are absent.
• 1-loop:
β
(1)
g21
=
41g41
10
, β
(1)
g22
= −19g
4
2
6
, β
(1)
g23
= −19g
4
3
3
,
β
(1)
y2t
= y2t
(
9
2
y2t − 8g23 −
9g22
4
− 17g
2
1
20
)
,
β
(1)
λh
= λh
(
12λh + 6y
2
t −
9g21
10
− 9g
2
2
2
)
− 3y4t +
9g42
16
+
27g41
400
+
9g22g
2
1
40
+
κ2
2
,
β(1)κ = κ
(
3y2t −
9g21
20
− 9g
2
2
4
+ 6λh
)
+ 4λφκ+ 2κ
2,
β
(1)
λφ
= κ2 + 10λ2φ . (B.1)
• 2-loop:
β
(2)
g21
= g41
(
199g21
50
+
27g22
10
+
44g23
5
− 17y
2
t
10
)
,
β
(2)
g22
= g42
(
9g21
10
+
35g22
6
+ 12g23 −
3y2t
2
)
,
β
(2)
g23
= g43
(
11g21
10
+
9g22
2
− 40g
2
3
3
− 2y2t
)
,
β
(2)
y2t
= y2t
[
6λ2h −
23g42
4
+ y2t
(
−12y2t − 12λh + 36g23 +
225g22
16
+
393g21
80
)
+
1187g41
600
+ 9g23g
2
2 +
19
15
g23g
2
1 −
9
20
g22g
2
1 −
932g43
9
+
κ2
2
]
,
β
(2)
λh
= λ2h
[
54
(
g22 +
g21
5
)
− 156λh − 72y2t
]
+ λhy
2
t
(
40g23 +
45g22
4
+
17g21
4
− 3
2
y2t
)
+λh
(
1887g41
400
− 73g
4
2
16
+
117g22g
2
1
40
− 5κ2
)
+ y4t
(
15y2t − 16g23 −
4g21
5
)
− 2κ3
+y2t
(
63g22g
2
1
20
− 9g
4
2
8
− 171g
4
1
200
)
+
305g62
32
− 3411g
6
1
4000
− 289g
4
2g
2
1
160
− 1677g
2
2g
4
1
800
.
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